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Absoluteness argumeigihie] g RV glgleRe T[T

(INCOMB):
“Ax,yst.x Ary &x ry”

2% > N, = (INCOMR)
M[G] k= ZFC + 2% = N,

(INCOMR) is X]

(Levy-Shoenfield) L} absolute
for wy C N

1. motivation



Axiomatic framework of indexings
of closed classes of rec. functions

graph(U) =" diag, U £ graph(U)
s-m-n, but no recursion theorem.

Weak recursion theorem:
Jf, € QO st Vx,y

(pfp1x)(y) - (px(fp( )»y)

g € C, g 0-1 valued and comp.,
= dh computable s.t. g = diag,,

If P # NP is provable, then it is
provable by diagonalisation.

1. motivation

Kozen’s theory of subrEle &V Rgle sy dglefs

closed : 714, 7Ty, constant
functions, cond, composition,
pair.

f<fgifdhe C,f=goh

f <c gif f € smallest class closed
2{gtuc

() = smallest class closed under
comp, constant functions, pair
<"=<0

diag, = x —

1 if (ph(x)(x) =0
0 otherwise.
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1. motivation

Basic ideas behind subgelelgglel¥j=lellIj{[=FS

Functions whose graph is graph({) = f(N), forf € C
enumerated by 1-1 functions from
a particular class C.

C is a class of total recursive Q° enumerates the functions of C.

functions with an indexing and

good closure properties. Vn € N,"'W, is the induced r.e.

sets (C-r.e. sets).

(e.g. primitive recursive or
x-recursive functions)

Vn € N, @y, is the function of
graph W:.
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2. sub-computabilities



From total functions to [SSleEelelgglel¥je=1 oIl [I(=S

A set of total functions with good
closure properties.

C C total recursive functions

P = primitive recursive functions
pcc
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From total functions to [SSleEelelgglel¥je=1 oIl [I(=S

C C total recursive functions
P = primitive recursive functions

Enumeration Q°. pCc

No true C-universal machine.
ie. us € C, us(x,y) = QS(y)

But a step-by-step C-universal

machine in 0
ie. Isim; € P,

simg(x,y,s) = QS (y) for a large
enough s
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From total functions to [SSleEelelgglel¥je=1 oIl [I(=S

C C total recursive functions
P = primitive recursive functions
pCc

C-recursively enumerable sets? Enumeration {° of C

simg(x,y,s) = Q°
W C-r.e if “'( Yy ) q)x,s ()/)
3f € ¢, W = 1-1 prefix of f(N)

Natural enumeration:

W; = 1-1 prefix of P°(N)
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From total functions to [SSleEelelgglel¥je=1 oIl [I(=S

C C total recursive functions
P = primitive recursive functions

Notions of recursive sets? pcc

TFANE: Enumeration Q° of C

C

e W x-C-rec. if Xy € C; simo (X, 8) = (Dx,s(y)

e W wkly-C-rec. if W and Wcreif 3f € ¢, 1-1, f(N) = w

W c-r.e.;

e |V stgly-C-r.e. if Wis C-r.e.
by an increasing function.
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From total functions to [SSleEelelgglel¥je=1 oIl [I(=S

C C total recursive functions
P = primitive recursive functions
pco

Partial functions? . o
Enumeration Q° of C

1) somewhat-C-rec. if Gr({) c-r.e. sime(x,y,8) = Oy, ()
S = {1V : ) somewhat-C-rec.
o=t W J Wcreifdf € c,1-1,f(N) =W
Natural enumgration : W x-C-rec. if Xy € C
Gr(@g) =W, W wkly-C-rec. if W and W C-r.e.
W stgly-C-r.e. if Wis C-r.e.
increasingly
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It works almost as the BESEIRelelggle]¥|e=1e]111nY

Immediate result:

Heredity theorem [Koz’minyh 72, GL]

IfEre, WC-re WCE
Then E C-r.e.
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It works almost as the BESEIRelelggle]¥|e=1e]111nY

Heredity: E r.e, W C-r.e,
W C E = E C-re.

Classical properties:
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It works almost as the BESEIRelelggle]¥|e=1e]111nY

Heredity: E r.e, W C-r.e,
W C E = E C-re.

Kleene’s recursion theorem
Vf € C, A infinite wkly-C-comp,

dom(@S) = A,
In ;ls = g, laand @7la = @]
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2. sub-computabilities

It works almost as the BESEIRelelggle]¥|e=1e]111nY

Heredity: E r.e, W C-r.e,

Proof. W C E = E C-re.
Consider the C-comp. function:
c ifuecA ’ i
Wy(u) : u { (pi(U) mu . Kleeng s.rclecursmn thm
(P(pg[x)(U] otherwise. Vf € ¢, A infinite wkly-C-comp,

of C-index d,(x), d, € C. dom(@S) = A,
3n @iz = @p, lzand @7 la =



It works almost as the BESEIRelelggle]¥|e=1e]111nY

Heredity: E r.e, W C-r.e,

Proof. W C E = E C-re.

Consider the C-comp. function:

Do) 0 { <P;( u) itu €A Kleeng’s. n.ecursion thm
PIORCUEEN /7 < C, A infinite wkly-C-comp,

of C-index d,(x), d €c dom(@S) = A,

_ In @ilz = @, lxand 9;la = @7
Let e, be a C-index for f o d,.
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Heredity: E r.e, W C-r.e,

Proof. W C E = E C-re.

Consider the C-comp. function:

Do) 0 { o5 (u) itu €A Kleeng’s. n.ecursion thm
CUERUEEE  \/f c C, A infinite wkly-C-comp,

dom(pg) = A,

_ In @ilz = @, lxand 9;la = @7
Let e, be a C-index for f o d,.

Now we have that, for all u:
O e (W) = 0Z(u) ifu€eA

(p;'a[ea)(u) = (p(qj; 19(,\(“) = (p'f*;da(ea](u) otherwise.
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Heredity: E r.e, W C-r.e,

Proof. W C E = E C-re.

Consider the C-comp. function:

Do) 0 { o5 (u) itu €A Kleeng’s. n.ecursion thm
CUERUEEE  \/f c C, A infinite wkly-C-comp,

dom(pg) = A,

_ In @ilz = @, lxand 9;la = @7
Let e, be a C-index for f o d,.

Now we have that, for all u:
O e (W) = 0Z(u) ifu€eA

(p;'a[ea)(u) = (p(qj; 19(,\(“) = (p'f*;da(ea](u) otherwise.

Finally, we choose
n= da(ea)-
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It works almost as the BESEIRelelggle]¥|e=1e]111nY

Heredity: E r.e, W C-r.e,
W C E = E C-re.

Kleene’s recursion thm
Vf € ¢, A infinite wkly-C-comp,
dom(@S) = A,
In oolz = @p,lxand @7la = @]

Myhill isomorphism thm (on C)
A={B &< A=°B.

Rogers’ isomorphism thm

1° acceptable iff
Jf € cVe g () = @y, (+)
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It works almost as the BESEIRelelggle]¥|e=1e]111nY

Heredity: E r.e, W C-r.e,
W C E = E C-re.

Kleene’s recursion thm
Vf € ¢, A infinite wkly-C-comp,
dom(@S) = A,
I 7l = ¢, lxand o7l = @3
Creativity / Productivity notion

Myhill isomorphism on C:
A='B &< A=°B.

Rogers’ isomorphism:
v acceptable iff
JfecVev(e,-) = U(f(e), )
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Sub-reducibilities

Remember the three recursivity notions

W x-C-rec. if Xy € C

W wkly-C-rec. if W and W C-r.e.

W stgly-C-r.e. if W is C-r.e. by an increasing function
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Sub-reducibilities

W x-C-rec. if Xy € C
A <51 Bif Xa € Clxal

W wkly-C-rec. if W and W C-r.e.

A <Y, Bifes, ez € Cles, e

W stgly-C-r.e. if W is C-r.e. by an increasing function

A <31 Bifpaypz € Clog, p5l
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New versions of usual EEIEE:1ale RiVlaleiile]s]S

Diagonal set: K ={e: @.(e) |}
@°-Diag. set: K. ={e: ¢°(e)

" W x-C-rec. if €EC
QC-Diag. set: 'K,‘P ={e: {S(e) X " Xw

A <Cr BifXa € ClXel

W wkly-C-rec. if W and W C-r.e.

A <Y, Bifea, ez € Cleg, egl
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- W x-C- . if C
QC-Diag. set: 'K,‘P ={e: {S(e) X-c-rec. i Xw €

A <31 BifXa € ClXel
K and K, are p-r.e. and
Turing-complete. W wkly-C-rec. if W and W C-r.e.

A <Y, Bifea, ez € Cleg, egl

K? is wkly-p-computable.
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QC-Diag. set: 'K“P {e: PS(e) X-c-rec. i Xw €

A <1 BifXa € ClXal
K and K, are p-r.e. and

Turing-complete. W wkly-C-rec. if W and W C-r.e.

'K(@ is wkly-p-computable. A <Y, Bifea, ez € Cleg, egl

K2 is recursive.

'K,‘_D is X-C-intermediate.

2. sub-computabilities

10/18



A parenthesis on refinleNe[sle](=1Xig¥[eidl] ¢!

Each Turing degree is divided in
infinitely many C-degrees.
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Each Turing degree is divided in
infinitely many C-degrees.
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P .
infinitely many C-r.e. degrees. honest: monotone, dominates 2"

C reducibilities create objects in T S CIEISMETY EET:

the recursive world.
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elementary degrees.
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A parenthesis on refinleNe[sle](=1Xig¥[eidl] ¢!

Each Turing degree is divided in
infinitely many C-degrees.

Each r.e. Turing degree contains

P .
infinitely many C-r.e. degrees. honest: monotone, dominates 2"

C reducibilities create objects in T S CIEISMETY EET:

the recursive world. . .
an honest function g is

Fine structure of degrees. €o-elementary in an honest

Just as Kristiansen’s honest e ¥ i (P == Tot(f) = Tot(g)

elementary degrees.

Honest €q-elementary degrees
have minimal pairs.

2. sub-computabilities
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Growth speed of functjeaER:laleB'Eililgglels

Ack is not p-fundamental.

Ack is x-p-complete. p-r.e | w-p-rec | x-p-rec

Ack(N) is not somewhat p-comp. —p-r.e - - A (N)
—w-p-rec | K, - Acx(N)
—x-p-rec | KO | K? -
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Ack is not p-fundamental.
Ack is x-p-complete.
Ack(N) is not somewhat p-comp.

A natural extension: P [Ack]

For some C, one can find a g, that
grows faster than functions in C

2. sub-computabilities

Growth speed of functjeaER:laleB'Eililgglels

-re | w-C-rec | x-C-rec

o - - [
—w-C-rec | K - g,(N)
—x-C-rec K K =

With g,, a recursive function that
grows faster than functions in C
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Busy beaver functions:
BB (x) = max{¢f(0) : i < x}
BB,?(X) = max{{°(0) :i < x}

BBY is not c-fundamental.
BBY is x-C-complete.

BB,‘P(N) is not somewhat C-comp.

We denote by © the
sub-computability of foundation

c[BBY!.

2. sub-computabilities

Growth speed of functjeaER:laleB'Eililgglels

C-r.e | w-C-rec | X-C-rec ‘
—C-r.e - - BB?(N)
—w-C-rec | K. - BBY(N)

—x-C-rec 'KS)

K2

With g,, a recursive function that
grows faster than functions in C
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3. beyond w$¥!



Higher recursion theon G ENGEEERSETR ZEEN

classical recursion theory lifted
from N

ACNre. iff Z;(Hy, = Lo, €)
admissibles, «-recursion theory

A C xore. if Zi(Ly, €)
XX XXX

X Ly o« admissible iff limit and

#y < o Jot-rec. f. from y onto
Jdeff. enum.: o — o-finite sets

o — o-r.e. sets x C x x-finite if x € Ly

Ais x-r.e. iff A = rg(f), f a-finite

ck
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5. summary



Someone uttered theelgeRelolsgleldic=1e]]/15%8

5. summary

W. (o.)
padding P
s-m-n §
Kleene K

Rice, Rogers

K = {X : (PX(X) U

BB (Busy Beaver)
Friedberg-Muchnik

low r.e.

minimal r.e. pair

P, = (PWM‘\

(P/‘( <m\X> ) = (p&psﬂi‘m} (X]

Poyi) = Paoileg()

creativity, @. < .

r.e. m-complete
— r.e. m-complete
g <r' W, <r 2/
X' <o’

X <7 Wl AV <7 w/

= X< @




Someone mentioned “NileEelelgglellicz1e)l/IIZN8

Q°: total rec. functions
P, W° C-re.: 1-1enum. by a

c

() C-r.e. graph

Kleene K

(co-int., r.e. dom(@f) = D;) (pikm = ¢

Rice, Rogers C-creativity, @° < °

> C-r.e. m-complete
'K‘p: {x: ) X-C-low C-r.e.
BB.(x) = max{¢?(0) :i <x} — C-r.e. m-complete

BB?\]X‘\ = max{PF(0) : i < x} X-C-|OW — C-re.

5. summary



thank you for your attention, |
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